Motivated by Dotson's example we consider a certain class of mappings which includes the classes of mappings studied by Zamfirescu,Ćirić, Berinde and others. We prove several new results about convergence of distinct iterative processes in convex metric spaces. Furthermore, we study the stability for this class of mappings in the setting of metric spaces.
Introduction and preliminaries
Throughout this paper, we denote the set of nonnegative real numbers by R + and by Fix(T ) the set of fixed points of a mapping T .
Some contractive types
Let D be a nonempty subset of a metric space (X, d). A mapping T : D → X is said to be contractive if there exists a constant α ∈ [0, 1) such that,
for all x, y ∈ D. The well known Banach's fixed point theorem asserts that if D = X, T is contractive and (X, d) is complete, then T has a unique fixed point p in X, and for any x 0 ∈ X the sequence {T n (x 0 )} converges to p. This result has been extended by several authors to some classes of mappings by changing the contractive condition (C). For instance, two conditions that can replace (C) in Banach's theorem are the following:
• (Kannan, [25] ) There exists κ ∈ [0, 1) such that, for all x, y ∈ D,
• (Chatterjea [5] ) There exists ξ ∈ [0, 1) such that, for all x, y ∈ D,
The conditions (C), (K) and (Ch) are independent (see [1] , [37] and [14] ).
In 1972, Zamfirescu [41] , combining the conditions (C), (K) and (Ch), obtained a fixed point theorem for the class of mappings T : X → X for which there exists ζ ∈ [0, 1) such that 
This condition was first considered byĆirić [6] who obtained a fixed point theorem for mappings satisfying (R). Recently, this class of mappings has been studied by Rafiq [34] . Notice that every mapping T satisfying (R) is a quasicontraction. The concept of quasicontraction was introduced and investigated bý Cirić [7] in 1971, who obtained an existence fixed point theorem under the following condition: there exists a constan q ∈ [0, 1) such that
Recently, Berinde [2] proved a fixed point result using a new condition, which is independent of (QC). This condition can be stated as follows: there exist two constants θ ∈ [0, 1) and L ≥ 0 such that
for all x, y ∈ D. To obtain the uniqueness of the fixed point of a mapping satisfying (B), Berinde considered the following contractive condition, quite similar to (B). There exist two constants δ ∈ [0, 1) and
for all x, y ∈ D.
Berinde noticed that the identity mapping on any metric space satisfies (B) but does not (B'). With the following example, we prove that both classes of mappings are independent. Example 1.1. Let X = {a, b} be any set together with the discrete metric d. The mapping T : X → X, given by T a = b and T b = a, satisfies (B') with δ ∈ (0, 1) arbitrary and
and, similarly,
Moreover, T does not satisfy (B), since if there exist θ ∈ [0, 1) and L ≥ 0 such that T verifiques (B), then
that is, 1 ≤ θ, which is a contradiction.
Convex metric spaces
Throughout this paper, we consider a type of metric spaces introduced by Takahashi [39] in 1970. This class of metric spaces, called convex metric spaces, had been used to obtain some generalizations of fixed point results on Banach spaces, for example, byĆirić for non-self mappings [8, 9, 10, 11, 12, 13] .
Example 1.3. Obviously, any normed space is a convex metric space. Spaces of hyperbolic type, which were introduced by Goebel and Kirk [18] are convex metric spaces. Hyperbolic spaces in the sense of Reich and Safrir [35] are also convex metric spaces. Other examples of convex metric spaces are Busemann spaces, CAT (0)-spaces, Hilbert ball and R-trees (For a deeper discussion we refer the reader to [27] ).
Every convex metric space satisfies the following property, which is very important.
for all x, y ∈ X and λ ∈ [0, 1].
As as immediate consequence, we obtain that 1x⊕0y = x, 0x⊕1y = y and (1−λ)x⊕λx = λx⊕(1−λ)x = x.
A nonempty subset C of a convex metric space (X, d, ⊕) is said to be convex if (1 − λ)x ⊕ λy ∈ C for all x, y ∈ C and λ ∈ [0, 1]. A nice feature of our setting is that any convex subset is itself a convex metric space with the restriction of d and ⊕ to C.
Some iterative processes
Let D be a nonempty subset of a metric space (X, d) and T : D → D a self-mapping. Let x 0 ∈ D be fixed, we can consider the sequence {x n } n∈N defined by
The sequence defined by (1.2) is known as the Picard iteration.
Let C be a closed subset of a complete metric space (X, d). If T : C → C satisfies any of the conditions (C), (K), (Ch), (Z), (R), (QC), (B), then T has at least a fixed point. Moreover, the Picard iteration converges to a fixed point of T . However, if any of this conditions is slightly weaker, then the Picard iteration need not converge to a fixed point of the operator T . The following trivial example shows this behavior. Example 1.5. Let X = {x 1 , x 2 , x 3 }, with the discrete metric d, and
. Moreover, the Picard iteration of T , with the starting point x 1 or x 3 , does not converge to x 2 , which is the fixed point of T .
In view of above example, we can state that some other iteration processes must be considered. Bearing in mind the iterative processes that exist in the Banach space setting, we shall introduce the most important iterative processes in the convex metric spaces. In order to do this, C will be a convex subset of a convex metric space (X, d, ⊕) and T : C → C a mapping.
For any given x 0 in C, the sequence {x n } n∈N defined by
where λ ∈ (0, 1), is called Krasnosel'skij iteration [26] .
Mann iteration [28] is essentially an averaged algorithm which generates a sequence recursively
where the initial guess x 0 ∈ C and {α n } n∈N is a sequence in (0, 1).
Ishikawa iteration [23] is the following process of two steps: let x 0 ∈ X be fixed, consider the sequence
where {α n } n∈N and {β n } n∈N are sequence in [0, 1].
The class of ϕ-quasinonexpansive mappings
In 1970, Dotson [17] considered the following self-mapping T : R → R, defined by
He showed that T satisfies the following property
for all x ∈ R, p ∈ Fix(T ) = {0}. Thus, motivated by this example, we can consider the following class of mappings.
Definition 2.1. Let D be a nonempty subset of a metric space (X, d). We say that T : D → X is a ϕ-quasinonexpansive mapping if Fix(T ) = ∅ and there exists a function ϕ :
for all x ∈ X, p ∈ Fix(T ).
Recently, Olatinwo have studied intensively contractive conditions that includes as a particular case the class of ϕ-nonexpansive mappings (see [29, 31] and many other papers by the same author).
Notice that if we take ϕ as the identity function, we obtain the concept of quasi-nonexpansiveness, which was introduced by Tricomi [40] for real functions and later studied by Diaz and Metcalf [15] , [16] and by Dotson [17] for mappings in Banach spaces (see [3, Section 3.5, Section 4.2] for detailed discussion of this and related notions.).
We now proceed to show that the mappings from Subsection 1.1 are in the class of ϕ-quasinonexpansive mappings. One can easily show that every contractive mapping is a ϕ-quasinonexpansive mapping, with ϕ(t) = α t for t ∈ R + , using Banach's fixed point theorem. However, Dotson's example shows that the class of ϕ-quasinonexpansive mappings properly includes contractive mappings. Moreover, this example can be generalized in such a way that the resulting map is not contractive.
Example 2.2. Let ϕ : R+ → R + be a function such that ϕ(t) < t for each t > 0. Let X be the real line with the usual metric. The mapping T : R → R defined by
is a ϕ-quasinonexpansive mapping but T is not a contractive mapping.
Example 2.5 in [3, Page 39] shows that Kannan mappings are also ϕ-quasinonexpansive mappings with ϕ(t) := κ 2−κ t, for each t ∈ R + . Using a similar argument, one can prove that every Chatterjea mapping is a ϕ-quasinonexpansive mapping, with ϕ(t) = ξ t for t ∈ R + . Thus, we can deduce that every Zamfirescu mapping is a ϕ-quasinonexpansive mapping with ϕ(t) := ζ t, for each t ∈ R + . The following result, which is implicitly included in [3] , shows that this fact is still true for a more general class of mappings. Proof.Ćirić [7] proved that T has a unique fixed point p in X. Taking y = p in (QC) we get
for each x in X. Since 0 ≤ q < 1, we deduce
for every x ∈ X.
In the case of mappings satisfying (R), we can obtain a better function ϕ. Proof. ByĆirić [7] , we know that T has a unique fixed point in X, say p. If we take y = p in (R) we get
for every x ∈ X, because 0 ≤ h < 1.
A trivial verification shows that if T has at least one fixed point and satisfies (B'), then T is a ϕ-nonexpansive mapping, with ϕ(t) = δ t for each t ∈ R + .
We must notice that there exist other classes of mappings which belong to the class of ϕ-quasinonexpansive mappings. For example, Jaggi [24] proved the following fixed point theorem.
Theorem 2.5. Let T be a continuous selfmap defined on a complete metric space (X, d). Suppose that T satisfies the following contractive condition:
2)
for all x, y ∈ X, x = y, and for some α, β ∈ [0, 1) with α + β < 1, then T has a unique fixed point in X.
A trivial verification shows that if T satisfies the assumptions of Jaggi's theorem, then T is a continuous ϕ-quasinonexpansive mapping, with ϕ(t) := β t for each t ∈ R + .
Convergence results
Here and subsequently, Φ denotes the family of functions ϕ : R + → R + such that ϕ is continuous and ϕ(t) < t for all t > 0. Before we discuss our results, we state an elementary numerical result.
Lemma 3.1. Let {λ n } n∈N be a real sequence in [0, 1] and let {d n } n∈N be a sequence of nonnegative real numbers such that
where ϕ ∈ Φ. If {λ n } n∈N converges to λ ∈ (0, 1], then we have lim
Proof. Since ϕ(t) ≤ t for all t ∈ R + , we get that {d n } n∈N is nonincreasing and, therefore, convergent to a nonnegative real number d. We shall show that d = 0. In order to do this, we assume that d > 0 and we obtain a contradiction as follows. Since λ n → λ ∈ (0, 1], as n → ∞, taking limits in (3.1) we have that
which is a contradiction. Therefore, d = 0, that is, lim
Remark 3.2. The above result still holds if it is just assumed that ϕ is a function satisfying ϕ(t) < t for each t > 0 and if {t n } n∈N t, then lim inf
We now prove the convergence of the Mann iteration process on a convex metric space, when the operator T is assumed to be only ϕ-quasinonexpansive. Theorem 3.3. Let C be a convex subset C of a convex metric space (X, d, ⊕). Assume that T : C → C is a ϕ-quasinonexpansive mapping with ϕ ∈ Φ. Let {α n } n∈N be a real sequence in [0, 1] such that {α n } n∈N converges to some positive real number. Then, for any x 0 in X, the sequence {x n } n∈N defined by (1.4) converges to the unique fixed point of T .
Proof. Let us first prove that T has a unique fixed point in C. Suppose that p, q ∈ Fix(T ), with p = q. Using (2.1) and the property of ϕ, we obtain
which is a contradiction. Let x 0 ∈ C be arbitrary. Now, we shall prove that the Mann iteration {x n } n∈N converges to p, where Fix(T ) = {p}. Since
for every n ∈ N, by Lemma 3.1 we deduce that {x n } n∈N converges to p.
Remark 3.4. Clearly, if we take {α n } n∈N as a constant sequence in (0, 1], we get a result about the convergence of Krasnosel'skij iteration.
Notice that if in the above result we take α n = 1 for all n ∈ N, we obtain a result about the convergence of the Picard iteration process. Moreover, this result still holds if it is just assumed that C is a nonempty subset of a metric space (X, d).
Corollary 3.5. Let C be a nonempty subset of a metric space (X, d). If T : C → C is a ϕ-quasinonexpansive mapping, with ϕ : R + → R + being a continuous function such that ϕ(t) < t for all t > 0, then the sequence {x n } n∈N defined by (1.2) converges to the unique fixed point of T , for any x 0 in X.
Using a similar argument as in Theorem 3.3, we can establish a strong convergence of the Mann iteration process to a common fixed point for a finite family of ϕ-quasinonexpansive mappings in convex metric spaces. Theorem 3.6. Let C be a convex subset C of a convex metric space (X, d, ⊕). Let T i : C → C be a finite family of ϕ i -quasinonexpansive mappings, i = 1, . . . , N , with ϕ i ∈ Φ and ∩ N i=1 Fix(T i ) = ∅. Let {α n } n∈N be a real sequence in [0, 1] such that {α n } n∈N converges to some positive real number. Then, for any x 0 in X, the sequence {x n } n∈N defined by
converges to a common fixed point of
for all n ∈ N, where ϕ := max{ϕ 1 , . . . , ϕ N }. Moreover, ϕ ∈ Φ because each ϕ i ∈ Φ.
We can extend Theorem 3.3 to the Ishikawa iteration process. We omit the proof because it is similar to the proof of Theorem 3.3.
Theorem 3.7. Let C be a convex subset C of a convex metric space (X, d, ⊕). Assume that T : C → C is a ϕ-quasinonexpansive mapping, with ϕ ∈ Φ. Let {α n } n∈N and {β n } n∈N be two real sequences in [0, 1] such that {α n β n } n∈N converges to some positive real number. Then, for any x 0 in X, the sequence {x n } n∈N defined by (1.5) converges to the unique fixed point of T . Remark 3.8. It is easy to check that our results remain true if ϕ : R + → R + satisfies (P) and ϕ(t) < t for all t > 0.
Olatinwo [31] proved the convergence of Ishikawa iteration for mappings T in the setting of Banach spaces satisfying the following condition:
where a ∈ [0, 1), M ≥ 0 and ψ : R + → R + is a monotone increasing function such that ψ(0) = 0. Notice that the above condition implies the ϕ-nonexpansiveness with ϕ(t) = a t.
On stability for ϕ-quasinonexpansive mappings
For the convenience of the reader, we begin this section with two definitions about stability of a general iteration process.
Definition 4.1. Let (X, d) be a metric space, T : X → X a self-mapping of X. Let {x n } n∈N ⊂ X be the sequence generated by an iteration procedure involving T which is defined by
where x 0 ∈ X is the initial approximation and f is some function. Suppose {x n } n∈N converges to a fixed point p of T . Let {y n } n∈N ⊂ X and set The concept of stability of a fixed point iteration procedure seems to be due to Ostrowski, as mentioned by Rhoades [38] , but has been systematically studied by Harder [19] in her Ph.D. thesis and published in the papers of Harder and Hicks [20] , [21] (see [3] for more details). Recently, Rezapour et al. [36] have studied almost T -stability of Mann iteration for ϕ-quasinonexpansive mappings with the following additional assumptions for ϕ:
Remark 4.2. It is easy to check that an iterative process (4.1) which is T -stable is almost T -stable. Osilike [33] gave an example showing that an iterative process which is almost T -stable may fail to be T -stable
In the paper [30] by Olatinwo, the reader can find an excellent introduction and some interesting comments about several stability results established in metric spaces and normed linear spaces.
During the proof of the main result of this section, we shall need the following result. Lemma 4.3. Suppose that {a n } n∈N and {b n } n∈N are two sequences of nonnegative numbers such that
for all n ∈ N, where ϕ ∈ Φ. If n∈N b n converges, then lim n→∞ a n = 0.
Proof. Using (4.2), we get
for every n ∈ N, which implies that lim sup m→∞ a m ≤ lim inf n→∞ a n .
Therefore, there exists a ∈ R + such that a n → a, as n → ∞. Assume that a > 0. Since n∈N b n converges, {b n } n∈N converges to 0. Thus, taking limits in (4.2), we get a ≤ ϕ(a) < a, which is a contradiction. Therefore, a = 0. Notice that (P') implies (P).
We now discuss the question of almost stability of Picard's iteration process.
Theorem 4.5. Let (X, d) be a complete metric space and T : X → X be a ϕ-quasinonexpansive mapping, with ϕ ∈ Φ. Let p be the unique fixed point of T . Let x 0 ∈ X and x n+1 = T x n , n ∈ N, be the Picard iteration. Let {y n } n∈N ⊂ X and define {ε n } n∈N by ε n := d(y n+1 , T y n ), nfor n ∈ N.
If n∈N ε n < ∞, then lim n→∞ y n = p. That is, the Picard iteration is almost stable with respect to T .
Proof. Notice that Corollary 3.5 states that the Picard iteration converges to p, the unique fixed point of T . Since d(y n+1 , p) ≤ d(y n+1 , T y n ) + d(T y n , p) ≤ ε n + ϕ(d(y n , p)) (4.3)
for each n ∈ N and ϕ(t) ≤ t for t ≥ 0, then d(y n+1 , p) ≤ ε n + d(y n , p) for all n ∈ N. By Lemma 4.3, with a n = d(y n , p) and b n = ε n , we deduce that lim n→∞ d(y n , p) = 0, that is, {y n } converges to p.
Remark 4.6. We shall not study the analogues of Theorem 4.5 for Mann, Ishikawa, or any other iteration process because, if one obtains stability for a map using Picards iteration, there is no point in considering any other more complicated iteration procedure.
If ϕ(t) = t for all t ∈ R + , with 0 < < 1, then we can obtain a result of stability. This was proved by Bosede and Rhoades [4] .
Remark 4.7. Osilike [32] established stability of Picard, Kirk, Mann and Ishikawa iterations for mappings T having a fixed point and satisfying (B'). Imoru and Olatinwo [22] where 0 ≤ δ < 1 and ψ : R + → R + is monotone increasing with ψ(0) = 0. Notice that the above conditions imply the ϕ-quasinonexpansiveness (see [4] ).
